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Abstract – We investigate quantum tunneling phenomena for an optical lattice subjected to a
bichromatic ac force. We show that incommensurability of the frequencies leads to super Bloch
oscillation. We propose directed super Bloch oscillation for the quasi periodically driven optical
lattice. We study the dynamical localization and photon assisted tunneling for a periodical and
quasi-periodical ac force.
Introduction. – Quantum tunneling of particles between potential wells is a funda-
mental concepts in physics and used to perform measurements of forces with high sensi-
tivity and accuracy [1]. Recent experiments on cold atoms in optical lattices subject to
time-periodic perturbations have revealed details of tunneling control through an external
driving field. Tunneling control in optical lattices depends in general on the form of the ex-
ternal potential and, in particular, on its parameters. Nontrivial dynamical effects have been
demonstrated even in the absence of nonlinear atom-atom interaction. In an optical lattice,
the Bloch states are completely delocalized, with the atomic wave functions extending over
the whole lattice. Thus, an initially localized wave-packet spreads ballistically in time. The
presence of dc force breaks the translational symmetry and suppress atomic tunneling [2,3].
The physical picture changes if the external force is ac type (optical lattice are periodically
shaken back and forth). The effect of an ac force is the reduced tunneling rate. At certain
shaking strengths, tunneling is lost and dynamical localization occurs [4, 5]. The combined
presence of both dc and ac forces leads interesting results such as directed motion, super
Bloch oscillation and photon-assisted tunneling. Super Bloch oscillations over hundreds of
lattice sites occur when an integer multiple of the ac frequency is slightly detuned from the
Bloch frequency associated with the dc component of the force [6–12]. In photon assisted
tunneling, wavepacket delocalization occurs for an initially localized wave packet when mod-
ulation frequency is at multiple integers of the Bloch frequency [13–19]. It was shown that
not only the strength of the ac force but also its phase is of experimental relevance [20,21].
The generalization of the monochromatic ac force to a multi-frequency ac force leads to
nontrivial results in ultra cold atom dynamics [22–33]. The relationship between symme-
tries and transport was explored for a cold atom ratchet with multifrequency driving [25].
It was shown that the bi-harmonic ac force stabilizes the dynamics, allowing the generation
of uniform directed motion over a range of momentum much larger than what is possible
with a dc bias [29].
In this paper, we study quantum tunneling phenomena for an optical lattice subjected to a
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bichromatic ac force. We obseve that nontrivial tunneling phenomenon appears for the sys-
tem under consideration. We show that incommensurability of the frequencies and phases
of the bichromatic ac force play important roles on the dynamical localization and photon
assisted tunneling. We discuss that super Bloch oscillation occurs if the bichromatic ac force
is quasi-periodical. We propose directed super Bloch oscillation.
Bichromatic Field. – Consider a one-dimensional driven optical lattice described by
a time-dependent single-particle Hamiltonian in the tight-binding regime
H = −J
∑
l
(|l + 1 >< l|+ |l >< l + 1|) + F (t)a
∑
l
l|l >< l| (1)
where J is the tunneling rate, a is the lattice constant and |l > denotes a Wannier state
localized at the l-th lattice site. Our system is subjected to a constant dc force plus a
bichromatic ac force of frequencies ω0 and γω0, where the parameter γ is the ratio of
frequencies.
F (t) =
h¯ω0
a
(nf + κ1 cos(ω0t+ φ1) + κ2 cos(γω0t+ φ2)) (2)
where φ1 and φ2 are the phases, nf is an integer and the dimensionless constants κ1 and
κ2 describe the strengths of the ac force in units of h¯ω0/a. Such a force can be experi-
mentally realized by phase-modulating of the lattice beams [24]. Suppose that frequencies
and the strengths are small enough that the dynamics is restricted to the lowest band. The
frequencies are commensurable if γ is a rational number and incommensurable if it is an
irrational number. Note that γ can be given with a finite number of digits in a real ex-
periment. To increase the incommensurability of γ = p/q (p, q are two coprime positive
integers), one can choose sufficiently large p and q. Then the driving force becomes ef-
fectively quasiperiodic on the time scale of the experiment. Another possible way to get
an irrational number is to approximate it with a rational number by using the continued
fraction expansion γ =
1
a1 +
1
a2+
1
a3+...
, where ai are integers. By truncating, one increase
the actual degree of commensurability [34]. More precisely, γ acts as if it is irrational, if γT
is not an integer, where T is the duration of the force.
The presence of a driving force corresponds to a modification of the tunneling parameter.
At times t >> 1/ω0 and t >> γ/ω0, the tunneling parameter J is replaced by an effective
tunneling parameter, |Jeff.| < |J | and the Hamiltonian (1) can effectively be described as
Heff. = −
∑
l
Jeff.|l + 1 >< l|+ J
⋆
eff.|l >< l + 1|. The calculation of Jeff. can be found in
the Appendix. It reads
Jeff.
J
= e−iΦ0

J−nf (κ1)J0(κ2γ ) +
∑
m 6=0
eimΦγJ−nf−mγ(κ1)Jm(
κ2
γ
)

 (3)
where Φ0 = κ1 sinφ1 +
κ2
γ
sinφ2 is a phase which affects the effective tunneling as a whole,
Φγ = φ2 − γφ1 and Jm is the m-th order Bessel function of first kind. There are infinitely
many terms in the summation. However, only a few terms are practically important for
small values of κ since the Bessel functions decrease with m: Jm−1(κ)/Jm(κ) ≈ 2m/κ. Of
special importance is the case without dc-force. Note that J−nf (0) is zero unless nf = 0.
Hence if the force is monochromatic, κ1 = 0, the effective tunneling does not vanish only if
the dc force is absent, nf = 0.
The phase Φ0 can be eliminated by shifting the time origin. It was discussed in [20, 21]
that the phase Φ0 can be of experimental relevance if the driving potential is assumed to
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be switched on at t = 0. It would be irrelevant if we assume that the driving is switched
on at t→ −∞. However, the phase Φγ inside the summation can not be eliminated even if
the driving is assumed to be switched on at t→ −∞. Observe that |Jeff.| does not depend
on the phases φ1, φ2 only if the ac force is quasi-periodic. This is because the summation
is always zero irrespective of κ1 and κ2 when the force is quasi-periodic in time, i.e. γ is
an irrational number (there exists no integer m such that mγ is an integer). We conclude
that the effective tunneling vanishes in the presence of a quasi-periodic force if either κ1 or
κ2/γ are the roots of the Bessel function of order nf or zero, respectively. Let us now study
briefly the case of periodic ac force. In this case, the phases φ1, φ2 can be used to control
the real and imaginary parts of effective tunneling energy as can be seen in the first figure
of the Fig-(1), where we plot the real and imaginary parts of Jeff/J versus the phase φ2
at φ1 = 0. It was shown in [21] that expansion and center of mass motion of an initially
Gaussian wave packet are directly related to the real and imaginary parts respectively of
the effective tunneling. Therefore the wave packet moves without changing the shape when
Jeff is purely imaginary and it expands without translating when Jeff is purely real. More
specifically, the complex effective tunneling (3) can be rewritten as Jeff. = |Jeff.| e
iΘ, where
Θ is known as Peierls phase, which has recently been experimentally demonstrated to real-
ize artificial magnetic fields for neutral atoms trapped in a one-dimensional optical lattice
[35, 36]. The effect of a Peierls phase is to shift the minimum of the band structure to a
quasimomentum kmin = Θ/d. The group velocity vanishes when Θ is an integer multiple of
pi and is maximum when Θ is either pi/2 or 3pi/2. Note that the group velocity is reversed
when Θ = 3pi/2. This leads to the concept of the directed motion. In Fig-1, we plot the
Peierls phase as a function of κ1 when nf = 0, φ1 = 0, φ2 = pi/3 and κ2 = κ1.
The expression for the effective tunneling allows us to understand the tunneling and local-
ization. Below, we will study dynamical localization, super Bloch oscillation and photon
assisted tunneling in detail.
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Fig. 1: 1-) The real (solid) and imaginary (dashed) parts Jeff/J at nf = 0, γ = 1/3 and κ2 = κ1 = 1
versus the phases. 2-) The argument Θ of the effective tunneling at γ = 1/2 (dashed) and γ = 2
(solid) versus κ1 = κ2. We take φ1 = 0, φ2 = pi/3 and nf = 0.
Dynamical Localization. Let R{Jeff.} and IM{Jeff.} be the real and imaginary parts
of the effective tunneling, respectively. If the real part of Jeff. is different from zero,
then an initially localized wave packet spreads in time and gets delocalized. Suppose that
R{Jeff.} = 0. If IM{Jeff.} is zero, too, dynamical localization occurs. If IM{Jeff.} 6= 0,
then an initially localized wave packet is still non-spreading but moves with a constant group
velocity. Here, we study dynamical localization for the quasi periodically driven optical lat-
tice. We consider that both real and imaginary parts of effective tunneling are zero.
For the monochromatic ac force, κ2 = 0, |Jeff.| = J−nf (κ1) J . Hence, the particle is effec-
tively localized whenever κ1 is a root of the Bessel function of order nf . For the bichromatic
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ac force, not only κ1, but also the other parameters in the Hamiltonian can be used to
suppress tunneling. As discussed above, the summation in (3) vanishes if γ is an irrational
number. Hence we conclude that dynamical localization occurs whenever either κ1 or κ2/γ
are the roots of the Bessel function of order nf or zero, respectively when γ is an irra-
tional number. The phases φ1 and φ2 play no role on dynamical localization if the force is
quasi-periodical. However, for a periodical ac force, the summation is in general nonzero
and varying the phases changes the values of κ1 and κ2 for the onset of dynamical local-
ization. This doesn’t necessarily mean that one can always find a set of parameters in the
Hamiltonian so that dynamical localization occurs. As an example, we fix φ2 = 0 and vary
φ1 for commensurate frequencies with γ = 1/2. In Fig-2, we plot the ratio |Jeff.|/J versus
κ1 when κ2 = κ1. The effective tunneling oscillates with a decaying consecutive peaks as
κ1 increases. One can see that Jeff. vanishes at some particular strength κ1 when φ1 = 0.
However, dynamical localization does not occur at any κ1 when φ1 = pi/6. We emphasize
that the next-to-nearest-neighbor tunneling matrix element in a tight binding optical lattice
is still nonvanishing. Thus dynamical localization for the optical lattice driven with the
force (2) is not exact but appreciable.
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Fig. 2: |Jeff.|/J versus κ1 when κ2 = κ1 for three different values of φ1 at fixed nf = 0, φ2 = 0
and γ = 1/2.
Super Bloch Oscillation. A giant matter-wave oscillation that extend over hundreds
of lattice sites was observed experimentally in [9]. This large amplitude oscillation is called
super Bloch oscillation. It arises in an optical lattice driven by a dc plus an ac force provided
that an integer multiple of the ac frequency is only slightly detuned from the Bloch frequency
associated with the dc component of the force. In this section, we will show that super Bloch
oscillation can also be observed in an optical lattice driven by a quasi periodical ac force.
The prediction can be tested through experiments. We will also study the effect of an
additional off-resonant dc force.
To observe super Bloch oscillation, it is necessary to require that the real part of effective
tunneling must vanish, R{Jeff.} = 0. Note that vanishing R{Jeff.} does not mean entire
destruction of tunneling because of the neglected off-resonant terms in the derivation of the
effective tunneling. Our approximation is true only when t >> 1/ω0 and t >> γ/ω0. In
fact, the particles are not frozen but make small amplitude oscillations. Our aim is to find
a way how we can increase the amplitude of such oscillation. Suppose IM{Jeff.} = 0 so
that the center of the oscillation is fixed. If IM{Jeff.}6=0, then the wave packet translates
when oscillating. We call this effect directed super Bloch oscillation. It is worth studying it
in a 2-D optical lattice. One can control 2-D motion and obtain different trajectories [37].
Suppose that γ is an irrational number and either κ1 or κ2/γ are the roots of Bessel function
of order nf or zero, respectively (henceJeff.=0). Let us choose an irrational γ in the very
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small neighborhood of γr: γ = γr +∆γ where γr is a rational number and ∆γ is an irrational
number such that ∆γ << 1. We also demand that the Bloch frequency associated with the
dc force is not an integer multiple of ω0 and so we suppose nf→nf + δf , where δf is a small
detuning, δf << 1. Therefore, the mean displacement is given by (see the Appendix for
details)
xg = 2aJ
∑
m
J−nf−mγr (κ1)Jm(
κ2
γ
)
cos((m∆γ + δf )ω0t+Φm)− cos(Φm)
ω0(m∆γ + δf )
(4)
where Φm = mΦγr − Φ0 and Φγr and Φ0 are given below the Eq. (3). As a special case of
κ2 = γr = ∆γ = 0, it reduces to the well known formula for super Bloch oscillation in the
presence of dc plus monochromatic ac force. In this case nf must be an integer. Observe
that nf needn’t be restricted to integer if the ac force is bichromatic. The constant nf is
chosen to be equal to an integer plus an integer multiple of γr.
The resonance leading to ballistic expansion occurs when the denominator in (4) is zero. In
the absence of dc force, the resonance at m = 0 would lead to ballistic expansion in time,
if either κ1 or κ2/γ are not supposed to be the roots of the corresponding Bessel functions.
The detuning of the additional dc force removes the degeneracy at m = 0. The resonance
occurs only if δf is an integer multiple of ∆γ. In this case, in order to cancel the resonance,
we require either κ1 or κ2/γ is a root of Bessel function of order nf + γrδf/∆γ and δf/∆γ,
respectively.
Observe that the oscillation amplitude scales as 1/∆γ when δf = 0 and 1/δf when ∆γ = 0.
If we choose ∆γ << 1 when δf = 0 (or δf << 1 when ∆γ = 0), the amplitude of the oscil-
lation can be enhanced and giant amplitude oscillation can be observed. The amplitude of
the oscillation depend strongly on γr since it determines the orders of the Bessel functions
in the summation.
The oscillation (4) can be thought of the addition of many simple harmonic motions whose
frequencies are multiples of a fundamental frequency and whose amplitudes are given by a
product of two Bessel functions. We define the fundamental angular frequency as (m⋆∆γ +
δf ) ω0, where m
⋆ is the smallest positive integer such that m⋆γr becomes an integer. The
interfering harmonic oscillations are not exactly in phase and the direction of their motion
depends on the sign of Bessel functions. However, this does not necessarily mean that the
net result is negligible due to the cancelation. Only a few terms in the summation are
practically important and generally the addition results in large amplitude oscillation. The
resultant motion is not simple harmonic but periodical since the frequencies are all har-
monics of fundamental frequency. Hence the period of xg is the same as the period of the
fundamental oscillation: T =
2pi
(m⋆∆γ + δf )ω0
.
So far, we have considered that imaginary part of the effective tunneling vanishes, which im-
plies that the center of super Bloch oscillation is fixed. Consider now that not the imaginary
part but the real part of effective tunneling vanishes. In this case, the equation (4) modifies
to xg → xg − 2aIM{Jeff.} (see the Appendix). The sign of IM{Jeff.} determines the
direction of the center of the oscillation. Since we can direct the super Bloch oscillation,
we call this effect directed super Bloch oscillation. We think interesting trajectories can be
obtained in a 2-D optical lattice.
Photon Assisted Tunneling. In an optical lattice subjected to no force, the Bloch states
are completely delocalized, with the atomic wave functions extending over the whole lattice.
Thus, an initially localized wave-packet spreads ballistically in time. The presence of dc
force breaks the translational symmetry and suppress atomic tunneling [2, 3]. Thus, an
initially localized wave-packet remains localized during time evolution. More specifically,
the wave-packet width slightly oscillates during the Bloch oscillation. The picture changes
if monochromatic ac force is applied together with dc force. The presence of ac force restore
tunneling. This effect is known as photon assisted tunneling [13]. The role of the photons
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is played by a periodic shaking of the lattice at the resonant frequencies. In this subsection,
we will study photon assisted tunneling for the dc plus bichromatic ac force.
The absolute value of the effective tunneling (3) is reduced to a simple formula when γ is
an irrational number: |Jeff | = J−nf (κ1)J0(κ2/γ)J . Note that Jnf (κ1) is zero at κ1 = 0
unless nf=0. In the absence of the ac force, κ1 = κ2 = 0, the effective tunneling is zero.
Tunneling is restored only when ac force is present in the system. The effect of the second
ac force with coupling κ2 is the reduced effective tunneling. If the ac force is periodic in
time, then the frequency associated with dc force is not restricted to an integer multiple of
ω0 for the photon assisted tunneling effect. Tunneling is restored if nf is either an integer
or an integer multiple of γ plus an integer. The Fig-3 plots the absolute value of Jeff/J as
a function of κ1 for different values nf . In the presence of the ac force at an appropriate
strength, tunneling is partially restored. Note also that |J−nf | = |Jnf | when nf is an integer.
So, reversing the sign of nf change the tunneling amplitude only when the summation is
non-vanishing, i. e. the ac force is periodical.
n f =
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Fig. 3: The absolute value of Jeff/J versus the κ1 for nf =
1
2
, 1,
3
2
. We take κ2 = κ1, φ1 = φ2 = 0
and γ = 1/2.
Discussion. In this paper, we consider the bichromatic ac force and show how incom-
mensurability of the frequencies leads to nontrivial physical effects. Suppose now that quasi-
periodical ac force is multicolored. As an example, consider F (t) = h¯ω0a (
∑
n=1 κn cos(nω0t+ φn)+
κ cos(γω0t+ φ)), where the first term is the Fourier series expansion of a periodic function
and γ is an irrational number such that the force is quasi-periodic. In this case, the ab-
solute value of the effective tunneling is given by |Jeff |/J = J0(
κ
γ
)
∏
n=1
J0(
κn
n
), where n is
the index of multiplication in the product symbol. Recall that the absolute value of the
Bessel function of order zero is always less than one. Since there are infinitely many terms
in the product, the effective tunneling is zero independent of κn. It is generally believed
that dynamical localization occurs at some certain parameters in the Hamiltonian. Here,
we show that dynamical localization can also occur regardless of the parameters.
To sum up, we have considered an optical lattice driven by a bichromatic ac force. We
have shown that the effective tunneling depends sensitively on the commensurability of fre-
quencies and the phases. We have also shown that depending on the parameters in the
Hamiltonian, quasi-periodicity results in the suppression of tunneling and leads to super
Bloch oscillation. We propose directed super Bloch oscillation. We have also considered
dynamical localization and photon assisted tunneling for a periodical and quasi-periodical
ac force.
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Appendix. – Let us define I(t) as
I(t) =
∫ t
0
exp i(η) J dt′ . (5)
where η is given by η(t) =
a
h¯
∫ t
0
F (t′) dt′. The expression I(t) is of importance to under-
stand tunneling phenomena at times t >> 1/ω0 and t >> γ/ω0. Suppose that we take a
Gaussian wave packet as an initial state. The system’s wave function on lattice site l reads
ψl = Ne
−l2/2σ20 where σ0 is the initial width of the wavepacket measured in units of the
lattice spacing, N is the normalization constant. The wavepacket expansion and its center
of mass motion are directly related to the real and imaginary parts respectively of I(t) [21]:
σ(t) = σ0
√
1 + (R{I}/σ20)
2; x¯g = −2aIm{I}.
To understand the tunneling dynamics, we expand the oscillatory term eiη in terms of Bessel
functions by using the Jacobi-Anger expansion; eiκ sin(x) =
∑
l
Jl(κ)e
ilx. If we substitute
the Jacobi-Anger expansion into the integration I(t) for the force (2), we get
I(t) = Je−iΦ0
∑
l,m
Jl(κ1)Jm(
κ2
γ
)ei(lφ1+mφ2)Sl,m (6)
where Φ0 = κ1 sinφ2 + κ2/γ sinφ2 and Sl,m =
∫ t
0
ei(l+mγ)ω0t
′
dt′. It is straightforward to
generalize this expression to the case of the additional presence of the dc force.
At resonance (l +mγ = 0), the integral Sl,m becomes unbounded as t→∞. Ignoring the off-
resonant terms at large times, we get Sl,m = δ−mγ,m t. Therefore the unbounded solution
can be given by I = Jeff.t, where Jeff. is the effective tunneling rate (3). Note that there
is another alternate way to get Jeff.. The time average of I gives the effective tunneling.
Secondly, let us suppose γ = γr +∆γ where γr is a rational number and ∆γ is an irrational
number such that ∆γ << 1. We can then study super Bloch oscillation with this choice of
γ. Therefore, the integral becomes Sl,m = δ−mγr,m
∫ t
0
eim∆γω0t
′
dt′. The smallness of ∆ω
leads to large amplitude oscillation. Using the relation x¯g = −2aIm{I}, we get the Equ.
(4).
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